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A Simple Recipe for Turbulent Transport
@tc+r.(vc) = r.(mrc)
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(Taylor 1915 … Plumb and Mahlmann 1987… Bachmann et al 2015)
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Ocean Meso-scale Parameterizations
Eddy Induced Advection Isopycnal Stirring

Gent and McWilliams 1990,  
Gent et al 1995

Solomon 1971,  
Redi 1982

u⇤ = �@z(GMs)
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• Adiabatic isopycnal slumping.

• Sink of APE, models the conversion 

of APE to KE.
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• Along isopycnal diffusion of tracers. 

• Sink of variance - models the stirring 

enhanced variance dissipation in the 
tracer variance equation.

F̃c
Redi = �Redir̃isoC
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Linking GM and Redi
uq = u⇣ + @z
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q@zs ⇡ @z (gms)

Treguier 1999, … 
Smith & Marshall 2009, 
Abernathey et al 2013
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For QG PV:

3.2.3. Buoyancy diffusivity
The horizontal buoyancy diffusivity is an important yet prob-

lematic quantity, defined as

Kb ¼ "
v 0b0

by
: ð18Þ

For quasigeostrophic, adiabatic eddies, this quantity is equal to the
Gent and McWilliams (1990) transfer coefficient (Treguier et al.,
1997), which plays a central role in the parameterization of eddy-
induced advection in numerical models (Gent et al., 1995; Griffies,
1998) and in the theory of the Southern Ocean overturning circula-
tion (Marshall and Radko, 2003; Nikurashin and Vallis, 2012). It is
commonly also referred to as the GM coefficient or the ‘‘thickness
diffusivity.’’ The term thickness diffusivity is especially problematic
when mixing rates are spatially variable; in this case it can be
shown that the isopycnal thickness diffusion is not equal to Kb

and, in fact, that isopycnal thickness diffusion is more closely re-
lated to PV diffusion (see discussion in Section 3 Gent et al., 1995,
of who were aware of the distinction). Nevertheless, knowledge of
Kb is a very important quantity, since nearly all numerical models
use the Gent–McWilliams parameterization. In the full three-
dimensional case (as opposed to the zonally averaged case consid-
ered here), a different value of Kb is defined for each of the distinct
components (zonal and meridional) of the horizontal flux (Griffies,
1998).

Kb is not, properly speaking, a diffusivity at all in the Fickian
sense. This is because, in the adiabatic interior, the eddy buoyancy
flux Fb (of which v 0b0 is only one component) is directed almost en-
tirely perpendicular to the buoyancy gradient (Griffies, 1998; Plumb
and Ferrari, 2005). There is no down-gradient eddy flux of

buoyancy, only a ‘‘skew flux.’’ In Section 3.1.1, we observed that
the mixing angle a in the interior satisfies a ’"by=bz. This means
that the contribution to v 0b0 from "Drb is due only to the diapyc-
nal diffusvity D0zz, which is negligibly small, and consequently that
the eddy buoyancy fluxes are captured by L alone (in fact by a sin-
gle scalar v). Using (4) and (6), we see that

Kb ’ v=sb; ð19Þ

where sb ¼ "by=bz is the mean isopycnal slope. The buoyancy diffu-
sivity Kb is related to the eddy-induced streamfunction v and the
isopycnal slope, i.e. to the advective part of the eddy transport,
not the diffusive part. This relation is in fact a key assumption of
the Gent and McWilliams (1990) parameterization.

We have plotted both sides of (19) as well as a scatter plot of
their relationship in Fig. 7, illustrating the similarity between the
two quantities. (The small differences between Kb and v=sb can
be attributed to diabatic effects.) Comparison with Fig. (2) reveals
significant differences between Kb and D0yy. Noting the different
color scales used in Figs. 7 and 2, it is evident that overall magni-
tude of Kb is roughly half that of D0yy. Significant differences in spa-
tial structure are also present. For instance, Kb has its highest
values at the bottom and top of the water column, while D0yy has
its maximum at mid-depth. It is particularly important to point
out these differences because it is quite common to assume that
D0yy ¼ Kb in the context of eddy parameterization (Gent and McWil-
liams, 1990; Gent et al., 1995; Griffies, 1998). Such an assumption
is clearly not supported by our simulations. Similarly, Liu et al.
(2012) used an adjoint-based method to infer Kb and then dis-
cussed the results in terms of the mixing-length ideas of Ferrari
and Nikurashin (2010), which are more relevant to D0yy of Kiso

eff .
Our results, in addition to those of previous authors (SM09;

Fig. 6. Left panel: mean meridonal/ isopycnal Ertel PV gradient qb
%P%y , plotted in buoyancy space. (Multiplication by the factor qb

% gives the same units as the QGPV gradient
in Fig. 5.) Middle: eddy Ertel PV flux qb

%v̂ P̂% . Right: Ertel PV diffusiviy KP . As in Fig. 5, the gradient has been masked where its absolute value is less than b=2. The masked areas
are colored gray. The black contours indicate the 5%, 50%, and 95% levels of the surface buoyancy cumulative distribution function.

Fig. 7. (left) horizontal buoyancy diffusivity Kb calculated from (18). (center) v=sb . (right) Scatter plot of the two quantities.
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general the fit is very good, with R2 > 0:99 in much of the domain
and R2 > 0:9 nearly everywhere. A more detailed discussion of the
errors involved in the diffusivity inversion can be found in Appendix
A.

It is most informative to decompose K into two parts,

K ¼ LþD; ð6Þ

where L is an antisymmetric tensor and D is symmetric. Because
the flux due to L is normal to rc, its effects are advective, rather
than diffusive (Plumb, 1979; Plumb and Mahlman, 1987; Griffies,
1998). Using this fact, we can rewrite (3) as

@c
@t
þ ðv þ vyÞ %rc ¼ r % ðD %rcÞ; ð7Þ

where vy ¼ ðvy;wyÞ is an eddy-induced effective transport velocity,
defined by a streamfunction v, such that

vy ¼ & @v=@z; wy ¼ @v=@y ð8Þ

and

L ¼
0 & v
v 0

! "
: ð9Þ

Under adiabatic conditions, v is approximately equal to the trans-
formed-Eulerian-mean eddy-induced streamfunction, or the ‘‘bolus
transport’’ streamfunction in thickness-weighted isopycnal coordi-
nates. Again, for more detailed discussion, the reader is referred
to PM87.

Because L is advective in nature (and does not appear in the tra-
cer variance budget), all of the actual mixing due to eddies is con-
tained in D (Nakamura, 2001). Since D is symmetric, it can be
diagonalized by coordinate rotation. Let Ua be the rotation matrix
for angle a. In the rotated coordinate system, the flux due to D is

& UaDrc ¼ & UaDUT
aUarc ¼ & D0Uarc; ð10Þ

where D0 ¼ UaDUT
a. Solving for the a that makes D0 diagonal, we

find

tan 2a ¼ 2Dyz

Dyy & Dzz
: ð11Þ

The rotated matrix,

D0 ¼
D0yy 0

0 D0zz

" #

ð12Þ

describes the eddy diffusion along (D0yy, the major-axis diffusivity)
and across (D0zz, the minor-axis diffusivity) the plane defined by a,
which we call the mixing angle. For small a, it is convenient to
approximate a ’ Dyz=Dyy;D0yy ’ Dyy, and D0zz ’ Dzz & D2

yz=Dyy.
The physical interpretation of K is therefore best summarized

by four quantities: v;a;D0yy, and D0zz. The most relevant for this
study, which is concerned with isopycnal mixing, are D0yy and a,
the major axis diffusivity and the mixing angle, which are plotted
in Fig. 2. From this figure, we see that the mixing angle is along iso-
pycnals throughout most of the domain, except close the surface,
where the mixing acquires a more horizontal character. This pat-
tern is consistent with the paradigm that ocean eddies mix adia-
batically in the interior and diabatically in the ‘‘surface diabatic
layer,’’ i.e. the layer over which isopycnals outcrop (Treguier
et al., 1997; Cerovecki and Marshall, 2008). Consequently, D0yy

can be described as an isopycnal eddy diffusivity in most of the
interior. Because of the small aspect ratio, and consequently small
a;D0yy ’ Dyy is a very good approximation.

An obvious feature in the spatial structure of D0yy is a pro-
nounced peak at mid-depth (approx. 1200 m). Enhanced isopycnal
mixing at a mid-depth ‘‘critical layer’’ is a general feature of baro-
clinically unstable jets (Green, 1970; Killworth, 1997). Many stud-
ies have confirmed the presence of an enhanced mid-depth mixing
layer in the ACC (Smith and Marshall, 2009; Abernathey et al.,
2010; Naveira-Garabato et al., 2011; Klocker et al., 2012a). Our
highly idealized model evidently shares this behavior. It is also
important to note, though, that D0yy varies even more strongly with
y, with the strongest mixing being in the center of the channel.

3.1.2. Eddy-induced advection
The streamfunction v, derived from the anti-symmetric part

of K, describes an eddy-induced advective transport in the
meridional plane. For statistically steady, adiabatic conditions,
this circulation is expected to approximately equal both the

Fig. 2. The major-axis diffusivity tensor D0yy , contoured in color, with the mixing angle a indicated by the black dashes. The mean isopycnals are shown in white contours
(contour interval 0.5 !C), and the baroclinc component of the zonal-mean velocity is shown in grey (contour interval 1 cm s& 1).
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Empirically: 
κy ~ κq,  
κy != κgm

In Zonally Homogeneous Simulations:

- Thus, a recipe for setting 
consistent parameters is 
available under the conditions 
of a zonally symmetric channel.



Non-Zonal & Inhomogeneous

Roach, Balwada & Speer 2018

Gray & Riser 2014

Mean Geostrophic  
Streamlines 1000m

Lagrangian Eddy  
Diffusivity 1000m
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Physical Model 
• MITgcm 
• 20002km x 3km 
• Resolution: 5km x 40 levs 
• Center: 50oS 
• Channel with:  
• (A) No-slip sides 
• (B) Sponge at north wall 

• SST restored to linear T(y) 
• Steady sinusoidal windstress 
• No salinity, linear EOS 
• Quadratic drag 
• LLC4320 subgrid parameterization- 

Leith dissipation 
• 150 year spin-up 

Passive Tracers 
• 10 tracers, each varying in one 

direction 
• 2 restoring time scales - 1& 6 years 
• 35 years spin up 
• 20 years of  post-spinup statistics. 

Experimental Setup



Diagnose Eddy Transport Tensor

K = �v0c0(rC)�1
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�100

�10�1

�10�2

�10�3

0

10�3

10�2

10�1

100

How well does K reconstruct buoyancy/temperature flux?
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Diagnosed Tensor
Kxz

4

2

0

2

4

m
2
/s

Kxy

10000

5000

0

5000

10000

3

2

1

0

D
e
p
th

 (
km

)

Kxx

10000

0

10000

Kyy

10000

5000

0

5000

10000

500 1000 1500 2000
Y (km)

Kzy

4

2

0

2

4

500 1000 1500 2000
Y (km)

3

2

1

0

D
e
p
th

 (
km

)

Kzx

4

2

0

2

4

Kyz

500 1000 1500 2000
Y (km)

Kzz

0.002

0.001

0.000

0.001

0.002

m
2
/s

4

2

0

2

4

m
2
/s

3

2

1

0

D
e
p
th

 (
km

)

Kyx

10000

5000

0

5000

10000

@X = 0km

KOGCM =

2

4
Redi 0 (Redi � GM )sx

0 Redi (Redi � GM )sy

(Redi + GM )sx (Redi + GM )sy Redi|s|2

3

5

<latexit sha1_base64="fTzCyuJUni2Ki3NE3VgpEZUhXOo="></latexit>

[ [
K =

Compare to:



Symmetric Tensor
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Does the diagnosed tensor have the expected properties?
- Does S dissipate variance? Are 

eigenvalues of S positive? 
- Is buoyancy transported along 

mean isopycnals?
Fb.rB = 0?
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- Does the zonally averaged eddy driven 
velocity help in closing overturning circ?

- Does A dissipate APE?



Why are mesoscale eddy fluxes 
seemingly diabatic?

@tb02/2 +r.(ub02/2 + u0b02) = Fb.rB = �(SrB).rB
<latexit sha1_base64="h0arMjzsyr7r3jJKjjYR72Xwoqc="></latexit>

For Zonal Steady Flows: 

However, for Non-Zonal InHomogeneous Flows: 

(SrB).rB ⇡ 0
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(SrB).rB 6= 0
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Hence, 

K ⇡ KGM +KRedi +KV ar�Transport+??
<latexit sha1_base64="MOmrJmqoh55ryseeiCJ3DnKyFYc="></latexit>



Summary 
• GM and Redi diffusivity coefficients are not the same, for flows with vertical 

variations and non-constant interior PV.

• A recipe for setting consistent GM and Redi diffusivity coefficients is 

available in the literature, based on zonal homogeneous flows.

• We are attempting to extend this idea to non-zonal and inhomogeneous 

flows, which are more apt for the real ocean.

• A multiple tracer method helps diagnose a diffusivity tensor that can skillfully 

reconstruct the buoyancy and PV fluxes.

• Is this the tensor we want? 


• Yes, it can correctly capture tracer fluxes.

• No, because it does not have some of the favorable properties we would 

like the parameterized tensor to have.

• Main issue - variance transport, which is not included in 0-D theories.

• In regions that are ~zonal and ~homogeneous the QG link between 

symmetric and antisymmetric tensor holds. 


Future Work 
• Some clever way to remove the contribution of variance transport before 

diagnosing the tensor might be helpful (numerous papers by Eden and 
Greatbatch 200X).


• Strategies for including variance transport in OGCM parameterizations.



To be continued …



Extras



Check whether PV flux mostly due to buoyancy flux…



Check whether predicted dynamical connection holds
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AntiSymmetric Tensor
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Role of Redi diffusivity in 
Ocean/Climate Models

• Heat and salt transport (Griffies 2015) 

• Oxygen

• Changes in SST and SSS, resulting in coupled responses. 


