Trotter-based quantum algorithm for solving transport equations with

vector norm scaling
Julien Zylberman'? & Thibault Fredon® & Nuno Loureiro® & Fabrice Debbasch?

L Sorbonne Université, Observatoire de Paris, Université PSL, CNRS, LERMA, F-75005, Paris, France ; 2CERFACS, 42 Av. Gaspard Coriolis, 31100 Toulouse, France ;
3 Plasma Science and Fusion Center, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

Quantum Science and Technology 11 025015, 2026

How to solve differential equations on digital fault-tolerant quantum computers 7

Time-discretization i

Differential equations are mathematical tools to model physical phenomena.

Quantum gates are linear and unitary: /
—Non-linear problems: linearization or linear embeddings. S——m——

—Non-unitary problems: block-encoding. e L ¢Carlema|n inearization, e
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——Map the problem to a linear system of equations that requires TR
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To pave the way for. practical 1mplemen1?at10n, the primary prerequisite is the p . - Y Timedicretiati A\
development of efficient quantum numerical schemes:

. . ] System of equations % Unitary iterative schemes
— Efficient quantum routines. \ Ax=b [W)esr = Oelh)e Block. j
° o \ Y e encoding J,

—Numerical analysis.

Transport equation & quantum numerical scheme Complexity

Let ¢ = &(x,t) be a time-dependent vector field defined on [0, 1]¢ x [0, T] — R? for a final time T > 0. (Quantum circuit size and depth:
Consider the following multidimensional anisotropic transport equation with # € [0,1]¢,¢ € [0, T7:
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L=V = Jold). routines: Cqsp = O(2"),Caiag = O(2"),Cqrr =

O(n?), Cops = O(4™).
— Series expansion to leverage the structure of the
problem.

We assume that ¢ is bounded, Vj,0,,¢; = 0 (strong incompressibility), and we impose periodic
boundary conditions.
— Space discretization: [0,1]% — X, € {O/N]7 1/Nj,....(N; —1)/N,}, with N; = 2",

— FHEfficient quantum circuits based on Walsh-

Centered Finite Difference: axj f(% t) y k=—p C’X i (x+kw3’t) | O( AZE?p), Hadamard series to approximate diagonal unitaries
. — .7 . , , depending on differentiable functions:

— Real-space encoding: |f); = > ¢ f(X,?)|X). The multidimensional transport equation Eq.(1) if o giYa H 505 where w; (z) = (1)

can now be recast as an ordinary differential equation:

and w; = @?’:1(22) . depth-accuracy trade-offs.

d| f Walsh series approximation
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—O— Generalized product formula
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which has solution: |f); = Te —i fi (26 ”)ds\f0> — Trotterization.

1) Quantum State Preparation 2) Evolution 800 1000

3) Measurement of observables of Number M of Walsh operators per diagonal unitary

interests
N; time-steps
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O can be designed to estimate fluid
moments or fluxes

2D Quantiip State Preparation Diagonalization in Fourier space

e~ iGG1AOD A8 — QFT~1¢-iGj0A0TAcQET One-dimensional convection equation 0;f +

Hadamard test, Swap test, Ca f _ O on IBM7S QPU Size ~ 2507 depth

Quantum amplitude estimation
~ 150, n = 4 qubits.

Routines: Diagonal unitaries, Quantum Fourier
transforms

Initialization 1D transport equation at time t=0.25
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Vector norm analysis g s o

The quantum numerical scheme deals with seven distinct sources of error:

Quadrature error Statistical measurement error q.C. approx.
P S —_——
Or — (O7)| < |Or —7 (f|O|f)r|+ [{(Or) — <fa|0|fa>T| +]0 = Ol

+ 2|02 ( Nfa)r — | Fa) Tl oy — | Fyrllen + 1) — 1 F)rll2n + o) = [fodll2,n ),
N g

q.c. approximation Product formula error Space discretization Q.S.P error
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Space discretization error: |||f): — |f)

1€ 2p ° ville equation Eq.1. The average position of f
Trotter error: ||(e!(ATB)At _ gidA "BAt)|f>H < LA, B)|A) < A2 A, B]|| < At® max(||A], | B]|)? gives an approximation of the solution of the
Scaling with n: O(1) O (1) O4") O(4") non-linear ODE. Lotka-Volterra system:
Cumulative error after Nt time steps: O(?\;—;) (]1\;—2 4™) O( J:(;; 4™) . S
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