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I. INTRODUCTION

Classical dynamical systems are often characterized by the statistics of a non-equilibrium

steady state. Statistics may be accumulated by advancing the dynamical equations forward

in time using direct numerical simulation (DNS). Simulations may require long integration

times to achieve the desired accuracy and sample rare events. An alternative approach of

Direct Statistical Simulation (DSS) seeks solutions of closed-form equations for the statistics

themselves that are derived from the dynamical equations. Because the statistics are often

smoother in space and time than the underlying dynamics, DSS is potentially more e�cient

computationally. The Fokker-Planck equation (FPE) that describes the time-evolution of

the probability distribution function is a well-known example of DSS. Fortunately, the FPE,

like quantum mechanics, is linear, enabling tools of linear algebra to be applied. In Ref. [1],

we have demonstrated that the eigenmode of the linear FPE operator with zero eigenvalue

(the “zero mode”) of the chaotic Lorenz attractor can be found directly (albeit ine�ciently)

by a classical linear algebra algorithm yielding the probability distribution function of the

attractor. Although an exact solution to the linear FPE can be derived in certain cases,

solving the FPE analytically in a general setting is impossible. Under these circumstances,

numerical solution of the FPE may still be possible [2–5] but must contend with the curse of

high dimensionality. This problem potentially could be overcome with the use of a quantum

computer [6].

The central question we wish to address is whether or not there can be an advantage to

using Noisy Intermediate-Scale Quantum (NISQ) hardware to solve the FPE. As a first step

towards answering this question, in this paper, we demonstrate that quantum computers

can accurately find the probability distribution function of a prototypical classical dynamical

system. The illustrative problem we consider here is the Ornstein-Uhlenbeck problem, which

describes a one-dimensional trajectory evolving under the influence of a spatially-dependent

velocity u(x) and subjected to random forcing. The system is described by the Langevin

equation,
d~x

dt
= ~u(~x) + ~⌘(t), (1)

with additive stochastic forcing ~⌘(t) that parameterizes physics missing from the determin-
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Conservation of Probability:
Flux-Form of the Fokker-Planck Equation

istic velocity ~u(~x), for instance the e↵ects of a thermal bath of light particles interacting

with a heavy particle [7, 8]. We study the specific one-dimensional case of u(x) = �ax� bx
3

below.

The FPE expresses the fact that dynamical trajectories in an ensemble never terminate

and thus total probability is conserved. Written as the divergence of a flux, it is a linear

partial di↵erential equation:

@P (~x, t)

@t
= �L̂FPE P (~x, t), (2)

where the linear Fokker-Planck operator L̂FPE is given in flux form by:

L̂FPE P = rx ·
✓
~u P �D~rxP

◆
. (3)

The FPE operator is the sum of a drift term U and a di↵usion term D. The drift term

drives a flux of probability density whilst conserving the total probability. The di↵usion

term captures the stochastic forcing of the dynamical system. It acts to smooth and spread

the probability density. Typically the drift and di↵usion terms compete with one another.

Note that not only probability but computational di�culty is conserved: The original non-

linear ordinary di↵erential equation of the Langevin equation is converted to a linear partial

di↵erential equation, the FPE, which lives in a much space of infinitely higher dimension.

The steady-state statistics are obtained from the zeromode (or the null space) of the

Fokker-Planck operator L̂FPE. The Fokker-Planck operator is semipositive definite, and

the null eigenvector of L̂FPE corresponds to its ground state. Several techniques in the

existing literature have been explored extensively to numerically compute solutions to the

FPE including a finite-element method [9], path-integrals [10], and simple discretization of

the linear FPE operator on a lattice [1, 11].

Other e↵orts have been made to use quantum computers to simulate linear or weakly non-

linear evolution via a set of linear equations [12, 13] but these methods only work in regimes

of mild non-linearity. Some other groups have also begun to investigate quantum computing

the climate [14], or fluid dynamics relevant to components of the climate system [15–17]. In

contrast with the approaches used in these previous e↵orts, the FPE approach works even

for highly nonlinear systems because it turns nonlinear dynamics into a higher-dimensional

but linear problem [18] that is amenable to variational solutions. An alternative approach

based upon the linear Koopman – von Neuman equations is also being investigated [19–22]
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We refer the reader to the Supplementary Materials [28] for details regarding the mathe-

matical representation of the basis states and operations that automate the change of basis.

The zero-mode of the linear Fokker-Planck operator,

L̂FPE P (x) = 0, (12)

is the steady-state PDF we seek, however L̂FPE is not generally self-adjoint. To use a

quantum computer to find the zero-mode we introduce the matrix

Hmn =
d�1X

p=0

L
⇤
pm

Lpn (13)

which has the same zero-mode as Lmn but has the virtue of being both Hermitian and

positive-definite [1]. (Alternatively one could form Ĥ = L̂
†
FPEL̂FPE and then project the

di↵erential operator into the finite basis; the result is not exactly identical to Hmn due to

the fact that L̂FPE |d� 1i contains state |di that lies outside of the subspace.) Its low-

lying eigenstates may then be found by either numerical diagonalization or by variational

approaches.

As an illustration, we compute the steady-state probability distribution functions for

di↵erent Hermite polynomial basis sizes via exact diagonalization and compare them against

the exact analytical solution for model FPE parameters chosen in Sec. IVB2. We show the

corresponding plots in Fig. 1.

III. QUANTUM ALGORITHMS

A. Zeromode from VQSVD

Let the unitary representation of the matrix Hmn be Umn = (e�iH)mn. The zero-mode of

Hmn is then eigenvector of Umn with eigenvalue 1, and the zero-mode is therefore in the null

space of the matrix Amn ⌘ Umn��mn. (See Ref. [30]). We use Variational Quantum Singular

Value Decomposition (VQSVD) to find the zeromode.) The classical SVD procedure is often

used to estimate the range and null space of a given matrix. SVD decomposes the matrix

A into A = UDV
† with U and V containing the left and right singular eigenvectors of A,

respectively, whilest D is a diagonal matrix, with the entries along the diagonal are the

singular values of A. Although quantum algorithms to implement SVD have been proposed
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FIG. 1. (a) PDF of the unforced Lorenz system (binned on a 6373 grid) accumulated by DNS. Classic Lorenz parameters are used (see
Sec. II). (b) Same as (a), but with added stochastic forcing (! = 0.2) (4783 grid). Note that the fine rings visible in the unforced system are
washed out by the noise. (c) PDF of the stochastically forced attractor (! = 0.2) as obtained from the zero mode of L̂FPE on a 1603 grid and
for x ∈ [−12.5,12.5], y ∈ [−24,24], and z ∈ [1,45]. The JDQR algorithm is employed. Rows (1), (2), and (3) correspond to the x-y, x-z, and
y-z projections of the PDF, respectively. Good agreement between (b) DNS and (c) FPE is evident. Red lines correspond to the cross sections
shown in Fig. 2.

(a) (b)

FIG. 2. (a) Vertical and (b) horizontal slices along the red lines of the x-y planar projection shown in Fig. 1. The DNS and FPE methods
agree quantitatively.
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with Gaussian white noise stochastic forcing ωε(t) that parameterizes physics missing from the deterministic velocity
ωu(ωx) such as the e!ects of a thermal bath of light particles interacting with a heavy particle [7, 8]. We study the
specific one-dimensional case of u(x) = →ax→ bx

3 below.
The FPE respects the fact that dynamical trajectories in an ensemble never terminate and thus total probability

is conserved. Written as the divergence of a flux, it is a linear partial di!erential equation:

ϑP (ωx, t)

ϑt
= →L̂FPE P (ωx, t), (2)

where the linear di!erential Fokker-Planck operator L̂FPE is given in flux form by:

L̂FPE P = ↑x ·
(
ωu P → ”ω↑xP

)
(3)

making it clear that total probability is conserved. The FPE operator is the sum of a drift term U and a di!usion term
with di!usivity given by ”, the covariance of the stochastic forcing. The drift term drives a flux of probability density
deterministically. The di!usion term captures the stochastic forcing of the dynamical system. It acts to smooth and
spread the probability density. Typically, the drift and di!usion terms compete with one another. Note that not
only probability but computational di#culty is conserved: The original nonlinear ordinary di!erential equation of the
Langevin equation is converted to a linear partial di!erential equation, the FPE, which lives in a space of infinitely
higher dimension.

The steady-state statistics are obtained from the zeromode (or the null space) of the Fokker-Planck operator L̂FPE.
The Fokker-Planck operator is semipositive definite, and the null eigenvector of L̂FPE corresponds to its ground state.
Several techniques in the existing literature have been explored extensively to numerically obtain solutions to the
FPE including a finite-element method [9], path-integrals [10], and the discretization of the linear FPE operator on a
lattice [1, 11].

Other e!orts have been made to use quantum computers to simulate the dynamics of linear or weakly nonlinear
equations of motion via a set of linear equations [12, 13], but these methods are restricted to regimes of mild non-
linearity. Some other groups have also begun to investigate quantum computing the climate [14], or fluid dynamics
relevant to components of the climate system [15–17]. An alternative approach to dynamics based upon the linear
Koopman – von Neumann equations is also being investigated [18–21] with the statistics accumulated by time inte-
gration rather than targeted directly. Quantum algorithms to solve nonlinear stochastic di!erential equations have
also been previously proposed. For instance, Ref. [22] proposes a method to solve nonlinear stochastic di!erential
equations using a linear algorithm [23]. A pressing and thus far unsolved problem is to determine whether or not
a quantum advantage exists. A quantum advantage has been demonstrated for a simple oracle problem [24] but an
unambiguous demonstration of quantum advantage in the context of a physics simulation problem is still lacking.
Other metrics such as energy-to-solution should also be quantified.

Instead of focusing on dynamics, here we investigate the utility of NISQ devices to directly find the statistical
steady-state solution of the Fokker-Planck operator as an alternative to traditional classical algorithms. In particular,
we employ the Quantum Phase Estimation (QPE) and the Variational Quantum Eigensolver (VQE) algorithms to
obtain the steady-state solutions to the one-dimensional FPE. Results for the steady-state probability distribution
functions obtained by using these quantum algorithms to the ones obtained via classical numerical diagonalization
of the FPE matrix are compared, thereby demonstrating that it is possible to extract the steady-state statistics of
classical dynamical systems on near-term quantum hardware. The FPE approach works even for highly nonlinear
systems because it turns nonlinear dynamics into a higher-dimensional but linear problem [6, 25]. We note that the
VQE has been tailored toward the solution of the Fokker–Planck–Smoluchowski eigenvalue problem on near-term
quantum hardware for the purpose of estimating the conformational transition rate in a linear chain of rotors with
nearest-neighbor interactions [26].

The rest of this paper is organized as follows. Sec. II describes the prototypical nonlinear Ornstein-Uhlenbeck
model we use to test our approach, and the analytical solution to the FPE. The construction of the linear FPE matrix
in a reduced dimensional space is presented in Sec. III. In Sec. IV, we present the quantum algorithms employed to
simulate and/or solve the 1D FPE on near-term quantum hardware. Sec. V reports the results of experiments with
IBM NISQ hardware. We discuss the results and related work in Sec. VI and reach some conclusions in Sec. VII.

II. MODEL PROBLEM: NONLINEAR ORNSTEIN - UHLENBECK DYNAMICS

To investigate DSS using quantum computers, we study a concrete nonlinear Ornstein-Uhlenbeck problem for a
particle moving in just one spatial dimension with non-linear velocity given by

u(x) = →ax→ bx
3 (4)

3

with b → 0 for stability. The dynamics are specified by

dx

dt
= u(x) + ω(t), (5)

where ω(t) is a Gaussian white noise term that satisfies

↑ω(t) ω(t→)↓ = 2! ε(t↔ t
→), (6)

with covariance !. For a < 0 the model is bistable with the velocity vanishing at two locations x = ±
√
↔b/a.

Subjected to stochastic forcing, the system makes transitions between these two metastable states. The problem we
consider is thus a special case of Kramer’s escape problem [27]. It can be used as a highly simplified model for problems
as diverse as isolated crystalline vacancies and transitions between two distinct climate states. For a > 0 there is only
one stable state and the model captures some e”ects of nonlinearity. The model is of su#ciently low dimensionality
that it can be studied with current-day NISQ computers. As the hardware and algorithms become more capable,
more realistic models will be accessible using generalizations of the methods presented here (we comment on future
prospects in Section VII).

The corresponding FPE for the stationary (invariant) measure P (x) is:

(ax+ bx
3)P (x) + !

d

dx
P (x) = 0 . (7)

Note that the equation, and thus P (x), is invariant under rescaling a, b, and ! by a common factor as this only
changes the rate of approach to the steady state. It is easily verified that the solution is given by:

P (x) = N exp

(
↔ax

2

2!
↔ bx

4

4!

)
, (8)

where N is the normalization factor determined by imposing the L1 norm:

∫ ↑

↓↑
P (x) dx = 1. (9)

(Note that it is the wavefunction itself that is normalized, rather than its square as in quantum mechanics.) Low-order
moments such as ↑x2↓ may be easily computed from Eq. 8 by numerical integration.

III. THE FPE OPERATOR IN A FINITE BASIS OF HERMITE POLYNOMIALS

To employ a quantum computer, the infinite-dimensional linear Fokker-Planck operator L̂FPE must be projected
into a finite basis of dimension N that is a good approximation to the infinite-dimensional space. Finite-di”erence
discretization is possible but ine#cient [1, 28]. Instead, here we choose to work in a basis of quantum harmonic
oscillator energy eigenstates with position space amplitudes given by:

↑x|n↓ =
↗
ϑ

ϖ1/4
↗
2nn!

Hn(x/ϑ) e
↓x2/2ω2

. (10)

Here, Hn(x/ϑ) is the nth-order Hermite polynomial and ϑ is a characteristic length scale that can be tuned to optimize
the basis. (For the case b = 0, the exact PDF is a Gaussian described by the n = 0 basis state with ϑ =

√
!/a.) The

states form an orthonormal basis with inner product ↑m|n↓ = εmn. The matrix elements of L̂FPE in this basis are
simply Lmn = ↑m| L̂FPE |n↓. Note, however, that when b > 0 in Eq. 4, the PDF decays at large |x| as exp

[
↔bx

4
/!

]
,

more rapidly than the basis states of Eq. 10 (see Eq. 8; alternatively the WKB approximation also shows this to be
the case). Therefore, any finite truncation in this basis must break down at su#ciently large values of |x|.

To calculate the matrix elements, we introduce lowering and raising operators â and â
† :

â ↘ 1↗
2

(
x

ϑ
+ ϑ

d

dx

)
, (11)

â
† ↘ 1↗

2

(
x

ϑ
↔ ϑ

d

dx

)
, (12)

Non-Linear Ornstein-Uhlenbeck Problem

Finite Basis & Hermitian Operator

solve the 1D FPE (with di↵erent system parameters) on near-term quantum hardware. Sec.

IV reports results for the 1D FPE with cubic nonlinearity. We discuss the results and related

work in Sec. V and some conclusions in Sec. VI.
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to work in a basis of quantum harmonic oscillator energy eigenstates,

|ni =
p
`

⇡1/4
p
2nn!

Hn(`x) e
�`

2
x
2
/2
, (5)

where ` is the characteristic length scale of the PDF and Hn(. . .) denotes the nth-order

Hermite polynomial. The states form a complete orthonormal basis with hm|ni = �mn. The

matrix elements of L̂FPE in this basis are simply Lmn = hm| L̂FPE |ni.

For computational convenience in calculating the matrix elements we introduce lowering

and raising operators â and â
† :

â ⌘ 1p
2

✓
`x+

1

`

@

@x

◆
, (6)

â
† ⌘ 1p

2

✓
`x� 1

`

@

@x

◆
, (7)

with well-known actions upon the basis states:

â |ni =
p
n |n� 1i , (8)

â
† |ni =

p
n+ 1 |n+ 1i , (9)

Then x and @/@x are given by:

x ⌘ 1p
2`

(â+ â
†), (10)

@

@x
⌘ `p

2
(â� â

†). (11)
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We refer the reader to the Supplementary Materials [28] for details regarding the mathe-

matical representation of the basis states and operations that automate the change of basis.

The zero-mode of the linear Fokker-Planck operator,

L̂FPE P (x) = 0, (12)

is the steady-state PDF we seek, however L̂FPE is not generally self-adjoint. To use a

quantum computer to find the zero-mode we introduce the matrix

Hmn =
N statesX

p=0,2,4,...

L
⇤
pm

Lpn (13)

which has the same zero-mode as Lmn but has the virtue of being both Hermitian and

positive-definite [1]. (Alternatively one could form Ĥ = L̂
†
FPEL̂FPE and then project the

di↵erential operator into the finite basis; the result is not exactly identical to Hmn due to

the fact that L̂FPE |N � 1i generates state |N + 1i that lies outside of the subspace.) Its

low-lying eigenstates may then be found by either numerical diagonalization or by variational

approaches.

As an illustration, we compute the steady-state probability distribution functions for

di↵erent Hermite polynomial basis sizes via exact diagonalization and compare them against

the exact analytical solution for model FPE parameters chosen in Sec. IVB2. We show the

corresponding plots in Fig. 1.

III. QUANTUM ALGORITHMS

A. Zeromode from VQSVD

Let the unitary representation of the matrix Hmn be Umn = (e�iH)mn. The zero-mode

of Hmn is then eigenvector of Umn with eigenvalue 1, and the zero-mode is therefore in the

null space of the matrix Amn ⌘ Umn � �mn. (See Ref. [30]). We use Variational Quantum

Singular Value Decomposition (VQSVD) to find the zeromode of Amn. (Alternatively one

could find the zero mode of Hmn but we find that this requires quantum circuts of greater

depth.) The classical SVD procedure is often used to estimate the range and null space of a

given matrix. SVD decomposes the matrix A into A = UDV
† with U and V containing the

left and right singular eigenvectors of A, respectively, whilest D is a diagonal matrix, with

6



Ladder Operator Representation of FPE Operator

Ladder Operators:

FPE Operator:

Idea: Represent the FPE Operator using ladder operators from the quantum harmonic oscillator to 
enable mapping to qubit space.



Mapping Hermite Polynomial Basis to Qubit Basis 

Qubit ladder operator can be generalized to arbitrary n following the same pattern.



Variational Quantum Eigensolver (VQE)

A. Peruzzo, J. McClean, P. Shadbolt, M.-H. Yung, X.-Q. Zhou, P. J. Love, A. Aspuru-Guzik, and J. L. O’Brien, A variational eigenvalue solver on a photonic 
quantum processor, Nat. Commun. 5, 4213 (2014).

Quantum chemists focus on finding eigenvalues.
Here, we know the target eigenvalue is 0. We are more interested in eigenvectors.



Quantum-Selected Configuration Interaction (QSCI)

K. Kanno, M. Kohda, R. Imai, S. Koh, K. Mitarai, W. Mizukami, Y.O. Nakagawa,  “Quantum-selected configuration interaction: Classical diagonalization of 
Hamiltonians in subspaces selected by quantum computers,” Phys. Rev. Research 8,  023268 (2023).

Importantly, the projected Hamiltonian is of smaller dimension than
the original Hamiltonian. 



VQE Results

Noisy Simulation Hardware Experiment
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B. VQE

The VQE algorithm is a hybrid classical-quantum algorithm used to find the ground state energy of a quantum
system [31, 32]. The VQE leverages the variational principle, which states that the expected value of the Hamiltonian
is always greater than or equal to the ground state energy. The algorithm iteratively refines the trial wavefunction to
minimize this expected value, ideally approaching the true ground state energy as the number of variational parameters
is increased.

Expressed mathematically, the cost function is the expectation value of the Hamiltonian:

C(ωε) = →ϑ(ωε)|H |ϑ(ωε)↑ , (22)

where the Hamiltonian H is decomposed into a linear combination of strings of Pauli operators Pi as H =
∑4n

i=1 ciPi.
We implement VQE on the Qiskit platform [30]. For the VQE experiments, the hardware-e!cient RealAmplitudes

variational ansätz is used with 4 repetition layers. The Implicit Filtering (IMFIL) [33] and the Simultaneous Per-
turbation Stochastic Approximation (SPSA) [34] optimization algorithms are used to run VQE experiments on the
IBMQ Manila machine, a 5-qubit QPU. The VQE experiments are run with a di”erent number of measurement shots
and classical optimization iterations across di”erent cases to explore convergence. We use the Estimator primitive
available in Qiskit [30] to compute expectation values in VQE and the Statevector class to read out the state vector
of the variational ansätz once the optimization loop terminates. In all VQE experiments, a random initial state is
employed, where the parameters for the variational ansätz are drawn from an uniform distribution bounded within
the interval [↓ϖ,ϖ]. The optimization level of the variational ansätz is set to the highest possible value of 3 and error
mitigation protocols are employed to suppress the e”ects of hardware noise in the VQE experiments (see below).

C. Error Mitigation

Zero noise extrapolation (ZNE) [35–38] is an error mitigation technique in which the expectation value of an
observable is estimated at di”erent noise levels. The ideal expectation value is then inferred by extrapolating the
measurement results to the zero-noise limit.

Twirled Readout Error Extinction (TREX) is an error correction protocol that suppresses the e”ect of measurement
errors for the estimation of the expectation values of Pauli observables [39, 40]. The scheme improves the accuracy
of quantum measurements by applying randomized twirling operations to quantum states before measurement, dis-
tributing errors uniformly across di”erent outcomes. TREX mitigates readout errors by analyzing and characterizing
these distributed errors through multiple measurements.

V. NISQ EXPERIMENTS

In this section, results for the invariant measure obtained via the implementation of QPE and VQE on near-term
quantum hardware are presented. We compare the steady-state PDFs obtained via QPE and VQE to the PDFs
obtained via classical numerical diagonalization. The Qiskit software versions used to run experiments are as follows:
qiskit: 1.1.1, qiskit-ibm-runtime: 0.25.0, qiskit-aer: 0.12.0, scikit-quant: 0.8.2, and qiskit-algorithms:
0.3.0.

A. QPE

Here, we motivate the use of the VQE algorithm by first demonstrating that QPE by itself is insu!cient to recover
the desired zeromode. For this purpose, the following model parameters are used: a = ↓1, b = 2,# = 1, ϱ = 1/2. A
basis size of N = 8 is employed for the experiments, yielding a query qubit register size of three. Seven precision
qubits are used to construct the precision qubit register. The amplitudes of the zeromode are obtained by taking the
square root of the probabilities of collapsing into each Hermite polynomial basis state. Thus, QPE does not provide
information about the signs of the amplitudes. Signs can be added by hand (knowing the exact classical solution),
but of course, there is no need for quantum computation if this information is used.

The steady-state PDFs obtained via classical numerical diagonalization of the FPE matrix and QPE are shown in
Fig. 2. An accurate approximation to the classically computed PDF with the sign-corrected QPE zeromode recovered
on the local simulator is obtained. We note, however, that poor approximations to the classically computed PDF
are obtained with the QPE zeromode (with wrong signs on the zeromode amplitudes) recovered on both the local
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ADAPT-VQE Results

ADAPT-VQE shows variations in results from simulation to simulation, unlike VQE.



Key Question To Be Answered

Can quantum computers offer an advantage over classical computers in finding the statistics of high-
dimensional dynamical systems such as the fluid Earth system?

Next steps: Further investigate the efficacy of VQE on modern NISQ hardware. Also investigate the extent 
of the dimensionality reduction of QSCI. 

Long term: Can a quantum algorithm be developed such that it can recover eigenvectors without the need 
for classical diagonalization? Are there other approaches that don’t require diagonalization?

Further reading: S. Bravyi, A. Byrne, M. Zayats, S. Zhuk, “Quantum algorithms for stochastic nonlinear 
differential equations”, https://doi.org/10.48550/arXiv.2606.08349 (2026).

• This paper discusses methods to map observables of nonlinear dynamical systems to a quantum 
computer using the Hermite polynomial basis and then simulate time-evolution on the quantum 
computer to recover the desired expected values of the observables.
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