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Steady-state radiative transfer equation
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I(x, Q) radiance | Q direction | e = 04 + o5 extinction / absorption / scattering coefficients |
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Key properties Discretize with the discrete ordinates method

= large sparse linear system

» Linear in /: coefficients fixed by Vodest (2013)

the atmospheric state
Au=f, AecRVXN
]VVZZJVEeH X ]Véng
u radiances, one per (cell, direction)
f emission and boundary sources

» Large: unknowns span space
and direction
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Comparison with previous study

Time-marching approach
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Igarashi et al. (2024)

Direct steady-state solve
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Steady state J

This work

A direct steady-state formulation avoids the explicit time-stepping factor N,.
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QSVT matrix inversion

1. Block-encode (A itself is not unitary)
Ao A
UA:( . *> & (0°|Ualo”) ==
* * «

a > ||A|| normalization factor | a ancillas

2. Transform every singular value

%: wevh S W) v

W,V unitary | X singular values,
P, degree-d polynomial

3. Take °;(0) ~ ¢/ (cconstant factor)

VP (X)W xcaA™ = |u) <« A7Lf)

QSVT and matrix inversion: Gilyén et al. (2019).
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The degree is the cost:
the QSVT circuit calls U4 and U}, a total of dqgvr times.

RQSVT

inv Omin

dqsvt = O(HQSVT log ) ,  KQSVT > Keff =

€iny target inversion error | o, smallest singular value of A/«
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Drivers of the resource estimate

solver core ~ dqsyr X Np(Ua)
N—
set by Kegr T gates per block encoding

end-to-end ~ Ny, X solver core
~—

repetition count

Kefr ]\]]’(l];j) ]\Gﬂ/
Measure it numerically Build the block encoding Determine it from the
for the discretized system explicitly and count its observable overlap and
gates target precision
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Problem setup

solar radiation, 24.7° zenith angle Optical coefficients: a binary cloud field

NN N N\ clr +Xp Aoays, xp € {0,1}

UQ/S7P = Ua/s

pcell | xp cloud flag | clr clear sky

oy — xp =0 B shortwave (SW), 1.65um  clear in-cloud
g absorption o, [m~!] 1.0x1075  1.55x10~*
© scattering o, [m™!] 0 2.49%1072

periodic

Phase function clear sky: o5 = 0, no Rayleigh scattering

Lambertian surface 1— 92

ia | d: @HG @ —
in-clou (cos ©) 47 (1 + g2 — 2g cos ©)3/2

© scattering angle | g = 0.845 asymmetry parameter, the Mie value for
ref = 10 pm droplets.

5/12



QLSA for radiative transfer

Block-encoding strategy

Matrix structure Sparse-access oracles
Au=f . .
()index"Z k)'—?‘@,f(l,k)>
o -, scattering value |Z k O> (Ai,f(z',k)/a) ‘i, /{?, O> + ’J->
®e| % < same cell
'.. '.. i column | k-th nonzero in column 4, row f(i, k) | |-L) rejected
° 2 ° 2 R branch
0,. -,. < str_eamlng
— adjacent cell Oindex: reversible index arithmetic
e % » streaming: modular -1 adder

;a’;g’ A cells x directions » scattering: controlled SWAP

Ovalve: controlled R, rotations

» controlled on direction pairs and the cloud flag
» no gates applied cell by cell
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flux validation

Setup: 16 x 16 grid, Az = Az = 64m, Sy ordinate set (Nang = 24),
QSVT: RQSVT = 5000, dQS\"'[' = 35001
SW band (deg=35001)

QSVT — Classical

Classical QSVT (max|A|=1.32e-03)
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0.001
04 04 _
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= 0.000 W
w ~ P
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-0.001
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500 500 0 500 1000
x [m] x [m] x[m]

Circuits built with QURI Parts and simulated on the cuQuantum state-vector backend; a classical sparse direct solve is the reference.

0.16% radiance 0.13% downward flux
relative L? error at dosyt = Tkqsvr + 1
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Effective condition nhumber

Setup: Az = Az = 64m | left: Sy fixed; vary N, or N, alone from a 16 x 16 grid | right: angle sweep on a 16 x 16 grid

One-axis extension Angular resolution

& —e— N only
< -0~ Nyxonly
103
16 32 64 128 8 24 48 80
Ny or N, Sz Sa Se Sg
Nang
Increase one axis: 16 — 128 Increase angular resolution: 8 — 80
N only: Keg: X6.1 Keft: X25.7

N, only: keg: +15.5%
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U 4 block-encoding cost

Setup: left: Sy fixed; vary N, or N, alone froma 16 x 16 grid | right: angle sweep on a 16 x 16 grid

<10 One-axis extension Angular resolution
3 —m— Toffoli
§ 10%yo- i 3 o —8— R, rotations
S 103 — N;only
Q o o
© —-=-= Nyonly
2 16 32 64 128 8 24 48 80

Ny or N, Sz Sa Se¢  Sg

Nang
Gate counts from the QURI Parts gsub decomposition into H, X, CNOT, CZ, SWAP, Toffoli, and R, ; only Toffoli and R,, are plotted.
Increase one axis: 16 — 128 Increase angular resolution: 8 — 80
N.: Toffoli +7.8%, R, unchanged Toffoli x24, R, x19

N Toffoli +1.5%, R,, unchanged
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Solver core and end-to-end readout cost

Setup: Az = Az = 64m | left: Sy, vary N, or N, alone from 16 x 16 | right: So—Sg on 16 x 16

KQSVT = 1.1 Kefr, €iny = 5 X 1073, esyn = 5 x 1073, top-of-atmosphere (TOA) flux readout to 1%
T conversion: Toffoli = 77'; rotation = [10 + 4 logy (Nrot /€syn) | T (Nrot rotations); preparation of | f) and of the observable state is ignored.
One-axis extension Angular resolution

2 10V
3 =F----1k----1O ./././. —e— solver core
: 10% —#— TOA end-to-end
‘© 1011 _ s —— N only
i I i S LT o ST s / -0= Ny only
16 32 64 128 8 24 48 80
Ny or N, S2 Sy Se Sg
Nang
Amplitude estimation: Brassard et al. (2002).
Increase one axis: 16 — 128 Increase angular resolution: 8 — 80
N.: core x7.4, end-to-end x20.6 core x 776, end-to-end x1.76x10*

N..: core +18%, end-to-end +36%
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Logical qubit requirements

Setup: Az = Az = 64 m, total: all registers in the synthesized U 4 | system: (z, z, angle) registers

left: Sy fixed; vary N, or N, alone froma 16 x 16 grid | right: angle sweep on a 16 x 16 grid

60 One-axis extension Angular resolution
% 50 .—./'_. —=— total
340 D_«mﬁﬂ —e— system
© 30 —— N;only
g\ 20 o ——o——o0—=0 _eo—o -== Nyonly

1078 32 64 128 8 24 48 80

Ny or N, Sz S4 Se  Ss
Nang
Increase one axis: 16 — 128 Increase angular resolution: 8 — 80
N.: total/system 41/14 — 47/17 total/system: 41/14 — 53/17

N,: total/system 41/14 — 44/17
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Scaling summary and take-home messages

Grid extension Cost driver Solver core TOA end-to-end
horizontal N, — ~ log N, ~ log N,
vertical N, Keff ~ NO87 ~ NO9% ~ N, ~ N146

: H 1.40 1.39 2.89 ~ N3 4.11 ~ n74
directions Nang Keff ~ Nang ’ NT(UA) ~ Nang ~ Nang ~ N ang ~ Nang ~ ‘\;mg

Take-home messages for this simplified setting:
» Extending the horizontal grid is computationally inexpensive.

» Nevertheless, the end-to-end cost remains high: ~ 106 T" gates even at these
small problem sizes.
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